Abstract. We consider the structure of the partially ordered set of prime ideals in a Noetherian ring. The main focus is Noetherian two-dimensional integral domains that are rings of polynomials or power series.
for which every finitely generated module is a direct sum of cyclic modules. The solution, which makes heavy use of the prime spectrum, is in [40] .
In general, the topology carries more information than the partial ordering. For example, one can build a non-Noetherian domain R with non-zero Jacobson radical J (R), but whose spectrum is order-isomorphic to Spec(Z). The partial ordering does not reveal the fact that the radical is non-zero, but the topology does: For this domain R, the set of maximal elements of Spec(R) is closed, whereas in Spec(Z) it is not. On the other hand, if a ring is Noetherian, the partial order determines the topology. To see this, we recall that for every ideal I of a Noetherian ring R there are only finitely many prime ideals minimal with respect to containing I; if P 1 , . . . , P n are those primes, then V(I) =
Therefore the closed subsets of Spec(R) are exactly the finite unions of the sets {P }, as P ranges over Spec(R).
We establish some notation and terminology for posets (partially ordered sets). and their maximal lower bound set is Mlb(u, v) := max(u ↓ ∩ v ↓ ).
We say v covers u (or v is a cover of u) and write "u << v" provided u < v and there are no elements of U strictly between u and v. A chain u 0 < u 1 < · · · < u n is saturated provided u i+1 covers u i for each i.
To return to Kaplansky's problem, we begin by listing some well-known properties of a partially ordered set U if U is order-isomorphic to Spec(R), for R a Proof. Items (1) and (2) are clear, and (3) comes from the Krull Height Theorem [24, Theorem 13.5] , which says that in a Noetherian ring a prime ideal minimal over an n-generated ideal has height at most n. For (4), let P and Q be prime ideals of R, and note that mub(P, Q) is the set of minimal prime ideals of the ideal P + Q.
To prove (5), suppose we have a chain P < V < Q of prime ideals in a Noetherian ring R, but that there are only finitely many prime ideals V 1 , . . . , V n between P and Q. By localizing at Q and passing to R Q /P R Q , we may assume that R is a local domain of dimension at least two, with only finitely many non-zero prime ideals V i properly contained in the maximal ideal Q. By "prime avoidance" [2, Lemma
1.2.2], there is an element
But then Q is a minimal prime of the principal ideal (r), and Krull's Principal Ideal Theorem (the case n = 1 of the Krull Height Theorem) says that ht(Q) ≤ 1, a contradiction.
In 1976 [39] , the present authors characterized those partially ordered sets that are order-isomorphic to the j-spectrum of some countable Noetherian ring. (The j-spectrum is the set of primes that are intersections of maximal ideals.) A poset U arises in this way if and only if
(1) U is countable and has only finitely many minimal elements, (2) U has the ascending chain condition, (3) every element of U has finite height, (4) mub(u, v) is finite for each u, v ∈ U , and
An equivalent way of stating the theorem is: A topological space X is homeomorphic to the maximal ideal space of some countable Noetherian ring if and only if
(1) X has only countably many closed sets, (2) X is T 1 and Noetherian, and (3) for every x ∈ X there is a bound on the lengths of chains of closed irreducible sets containing x.
It is still unknown whether or not the theorem is true if all occurrences of "countable" are removed.
Bad Behavior
Recall that a Noetherian ring R is catenary provided, for every pair of primes P and Q, with P ⊂ Q, all saturated chains of primes between P and Q have the same length. Every ring finitely generated as an algebra over a field, or over Z, is catenary. More generally, excellent rings are, by definition, catenary, and the class of excellent rings is closed under the usual operations of passage to homomorphic images, localizations, and finitely generated algebras, cf. [24, p. 260] . Since fields, complete rings (e.g. rings of formal power series over a field), and the ring of integers are all excellent, the rings one encounters in nature are all catenary. Perhaps the first indicator of the rich pathology that can occur in a Noetherian ring was Nagata's example [29] of a Noetherian ring that is not catenary. Every two-dimensional integral domain is catenary, and so Nagata's example is a Noetherian local domain of dimension three; it has saturated chains of length two and length three between (0) and the maximal ideal. Later, in 1979, R. Heitmann [11] showed that every finite poset admits a saturated (i.e., cover-preserving) embedding into Spec(R) for some Noetherian ring R.
The catenary condition has a connection with the representation theory of local rings. As Hochster observed in 1972 [13] , the existence of a maximal CohenMacaulay module (a finitely generated module with depth equal to dim(R)) and with support equal to Spec(R) forces R to be universally catenary, that is, every finitely generated R-algebra is catenary. In particular, an integral domain with a maximal Cohen-Macaulay module must be universally catenary. G. Leuschke and R. Wiegand used this connection in [18] to manufacture a two-dimensional domain R with no maximal Cohen-Macaulay modules but whose completion R has infinite Cohen-Macaulay type. (This gave a negative answer to a conjecture of Schreyer [34] on ascent of finite Cohen-Macaulay type to the completion.) For other connections between prime ideal structure and representation theory we refer the reader to the survey paper [41] by the present authors.
In Nagata's example, the catenary condition fails because a height-one prime has a cover that has height three. A theorem of McAdam [25] guarantees that such behavior cannot be too widespread: 
Using this theorem, one can characterize the spectra of two-dimensional semi- 
Affine Domains of Dimension Two
We begin with an example that illustrates the effect of the ground field on delicate properties of the prime spectrum. Proof. The curve C is parametrized by
Since m ⊃ P , the point corresponding to m (via the Nullstellensatz) is on C, and 
For the converse, we note that if 
is the only point on C where g
There is a slightly fancier way to verify the assertions in the example. Notice Then J n = (g) for some n ≥ 1, and
follows that I n is principal.
Conversely, assume every maximal ideal is the radical of a principal ideal, and .
We now state the axioms that characterize the posets U that are order-isomorphic to Spec(R) for an affine domain R over a field k that is algebraic over a finite field:
(P0) U is countable.
(P1) U has a unique minimal element.
(P2) U has dimension two.
(P3) For each element x of height one, x ↑ is infinite.
(P4) For each two distinct elements x, y of height one,
(P5) Given a finite set S of height-one elements and a finite set T of height-two elements, there is a height-one element w such that
(1) w < t for each t ∈ T ; and
Axioms ( Proof.
, we see that m/P is the radical of the principal ideal (f + P ). This shows that every maximal ideal of R/P is the radical of a principal ideal. By Lemma 2.2, Pic(R/P ) is torsion.
We can easily compute Pic(R/P ) = Pic(S) from the Mayer-Vietoris sequence [27] associated to the conductor square for S:
× , the group of units of
, and H is the join of the images of the horizontal and vertical maps on groups of units.
Thus k × is a torsion group. Therefore char(k) = p > 0 (else 2 has infinite order in k × ), and every non-zero element is algebraic over the prime field.
This shows that k is an algebraic extension of a finite field.
In the general case, we use the Noether Normalization Lemma to express R as satisfies (P5) of (2.3), so does Spec(A).
Proof. Let S be a finite set of height-one prime ideals of A and T a finite set of maximal ideals of A. Let T be the finite set of prime ideals, necessarily maximal, lying over primes in T , and let S = {Q ∈ Spec(A ) | Q ∩A = Q∩A for some Q ∈ S}.
Let P be a height-one prime ideal of A satisfying (1) and (2) of (P5) for the sets S and T (cf. Axioms 2.3). We claim that P := P ∩ A satisfies (1) and (2) for the sets S and T . For (1), let m ∈ T , and choose any m ∈ Spec(A ) lying over m. Then m ∈ T , so P ⊂ m ; hence P ⊂ m. As for (2), suppose P ⊂ M and Q ⊂ M, where M ∈ Spec(A) and Q ∈ S. We must show that M ∈ T . By "going up", there is a prime M of A such that P ⊂ M and M ∩ A = M. Now apply "going down" to the extension A ⊆ A to get a prime Q such that M ⊃ Q and
P5)(2) (for the prime P and the sets S and
As we shall see, the converse of Theorem 2.4 is true, though the proof is more We refer the reader to [37] for the technical shenanigans that reduce the following theorem to the classical result on the class number:
Theorem 2.7. Let R be a finitely generated Z-algebra of dimension one. Then Proof. By Lemma 2.2 it is enough to prove that Pic(R) is torsion. In view of Theorem 2.7, it will suffice to show that Pic(R) is torsion when R is a finitely generated kalgebra and k is algebraic over a finite field.
and choose a finite field 
Here is the main result of this section. 
We seek a height-one prime ideal P such that
Suppose first that k is the algebraic closure of a finite field and that R is a two-dimensional Cohen-Macaulay domain, finitely generated as a k-algebra. Since I + (f ) has height two, there is an element g ∈ I such that (f, g) is A-regular. By Theorem 2.9 there is an element λ ∈ A such that P := (f + λg) is a prime ideal.
Then √ I + P = J, and so P satisfies (1) and (2) of (P5). Finally, we suppose that R = Z[X]. We seek a height-one prime ideal P of Z[X] such that J = √ I + P . Since I + (f ) has height two, there is a polynomial g ∈ I such that f and g are relatively prime. Then, for each j ≥ 1 the polynomial 
Choose such a prime p with the additional property that pZ = m j ∩ Z for 1 ≤ j ≤ t. For each j ≤ t + 1, let c j be the greatest common divisor of the coefficients of f j + pg; then h j :=
We claim that there exists j ≤ t + 1 such that h j ∈ J = m 1 ∩ · · · ∩ m t . For suppose not; then there exist i, j, , with 1 ≤ i < j ≤ t + 1 and 1 ≤ ≤ t such that h i / ∈ m and h j / ∈ m . Let m ∩ Z = qZ. Since c i h i and c j h j are both in J ⊆ m , we see that the prime q is a common divisor of both c i and c j . Therefore
is a multiple of q, and our choice of p now forces q | g. This contradicts the assumption that f and g are relatively prime, and the claim is proved.
To complete the proof, we choose j as in the claim and put P = h j Z[X]. Then P ⊂ J, and f j = −pg + h j c j ∈ I + P . It follows that J = √ I + P as desired. 
Then Spec(D[X]) satisfies (P5) and therefore is order-isomorphic to Spec(Z[X]).
We have put in quite a bit of detail in this chapter in order to reawaken interest in the following conjecture from [37] :
Conjecture 2.12. Let R be a two-dimensional domain finitely generated as a Z-
algebra. Then Spec(R) satisfies (P5) and hence is order-isomorphic to Spec(Z[X]).
It is easy to see that if Spec(R) satisfies (P5) so does Spec(R[ 
play a special role in the current section. (Here p 1 , . . . , p n are distinct prime integers, and Z (p1)∪···∪(pn) consists of rational numbers whose denominators are prime to each p i .) Their investigation led to the following theorem:
Theorem 3.1. Examples of each are shown in Figures 3.2.1 and 3. 3.1 below.
Example 3.2. The spectrum of Z (2) [X] (where Z (2) consists of rationals with odd denominators) is crudely drawn in Figure 3 .2.1 below. (X) is contained in (2, X) only, but (X 2 + X + 2) is contained in both (2, X) and (2, X +1). The special height-one prime ideal (2) is in all of the height-two maximal primes. The box ∞(A) represents the infinitely many height-one maximal ideals.
Each height-two prime contains infinitely many height-one primes.
In Spec(Z (2) [X]), infinitely many height-one primes are contained in more than one maximal ideal. However, in Spec(H[X]), m[X] is the only height-one prime contained in more than one maximal ideal (and it is contained in infinitely many).
Example 3.3. Although similar to the first picture, the illustration in Figure 3 .3.1.
of Spec(H[X]), for H a countable Noetherian Henselian discrete rank-one valuation domain with maximal ideal m, is cleaner: is missing, and axioms analogous to (P5) distinguish the two cases (see Remark 3.5).
Remark 3.5. To state the distinguishing property between the two possibilities in Theorem 3.1 precisely, we use the "exactly less than" notation introduced in (0.1):
In Spec(R[X]), when R as above is not Henselian, we have:
is infinite for every finite set T of height-two maximal ideals.
If H is Henselian, however, we have: , and showed its relationship to the polynomials f and g. In some cases (for example, when R is a discrete valuation ring such as Z (2) , or when R is Henselian), they were able to characterize [5] , [6] , [7] .
• In [38] , R. Wiegand and W. Krauter found axioms that characterize the pro- The projective line over Z has been studied too, in [1] , [5] , [21] . The poset structure is considerably more complex than that of the projective plane over the algebraic closure of a finite field. It is currently being investigated by S. Wiegand and her (current and former) students E. Celikbas and C. Eubanks-Turner. in the case where R is a countable domain. They did not, however, work through the cardinality arguments needed for the uncountable case. We review their results here and incidentally fill in the cardinality gap to obtain a characterization for the uncountable case as well.
First observe that, given variables X and Y , one can form "mixed polynomial/power series rings" over a field k in two ways-the second is of infinite transcendence degree over the first: 
In the diagram α is the cardinality of the set of maximal ideals of R. We first use a remark from [8] . 
Each of the elements of G is in (m, Y )T [[Y ]] \ Y T [[Y ]] and hence each element of
G is contained in a height-one prime belonging to L e ((m, Y )). Moreover, |G| =
Let P ∈ L e ((m, Y )). Suppose that two distinct elements of G are both in P ,
Then we have
Let t be the smallest power of Y so that Thus the situation for power series rings is different from the polynomial case.
